Maximum overlap approximation calculations
on polyatomic molecules. V.
Principal equations of the
extended-maximum-overlap-approximation method

R.BOCA

Department of Inorganic Chemistry, Slovak Technical University,
880 37 Bratislava

Received 13 December 1978
Accepted for publication 23 March 1979

The basic formulae of the EMOA method have been simplified in the
present paper. This method is a general one for the construction of hybrid
atomic orbitals in arbitrary polycentric molecules and is based on the maximum
overlap principle. Resulting simple matrix equations for hybridization coeffi-
cients can be solved by a fast converging iterative procedure so that much
computing time is saved.

O6wmit Meton DMOA KOHCTPYKLUMHM THOPHMAHBIX aTOMHBIX OpOHTaneH
B M106bIX MHOrOaTOMHbBIX MOJIEKYJIaX, OCHOBAHHbIA Ha MPUHLUIIE MAKCHMAJIb-
HOTO NEpeKpbIBaHUA, ObUI 3HAYMTENBHO YNpolleH. Pe3ynpTHpylouyio Mat-
pHuuHyio ¢opmyny ans Ko3acdduLMEHTOB rHOPUAN3ALMH MOXHO PELIUTb ObIC-
TPO CXOASLUMMCS MTEPATHBHbIM MPOLECCOM NMpPH GOJBIIOM COKPAalIEHHH Bbl-
YUCIIUTEIBHOTO BPEMEHH.

To the most progressive quantum chemical methods for the calculation of
ground-state molecular properties proposed in the recent decade belongs the
PCILO (Perturbative Configuration Interaction using Localized Orbitals) method
[1—4]. In this method, the zeroth-order wave function is constructed using the
basis set of strictly localized (two-centre) molecular orbitals (SLMOs). Then, the
many-body perturbation theory is applied and the corrected (perturbed) wave
function, the electronic energy, and electronic properties of the molecule are
expressed by algebraic formulae in which only the integrals over the basis set of
SLMOs occur. In order to obtain the basis set of SLMOs it is suitable to apply the
well-known principle of hybridization ; any SLMO can be calculated in the form of
a linear combination of a pair of hybrid atomic orbitals.

However, the construction of the hybrid atomic orbitals (HAOs) from pure
atomic orbitals is not a trivial problem in the general case. First of all, in a molecule
which possesses little or no symmetry, the criteria for determining optimum hybrids
are not unambiguously defined. The most commonly used criteria are : (i) criteria
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based on properties of projection operators [5—9]; (ii) the geometric criteria
[10—13]; (iii) the maximum overlap criterion [14—22]. It must be pointed out that
the maximum overlap criterion gives the HAOs which can be deviated from the
directions of bonds.

The general method for construction of HAOs in polycentric molecules, based
on the maximum overlap criterion, was proposed in paper [23]; it is called the
EMOA (Extended Maximum Overlap Approximation) method. Some of its
applications were described in the previous papers of this series [23—26]. In this
method the hybridization coefficients are calculated solving a matrix equation by
an iterative procedure. As a matter of fact, the EMOA method in its original form
is rather time-consuming, as the diagonalization of a large-dimensional matrix is
used in each step of the iterative procedure. In order to save the computing time,
the basic matrix formulae of the EMOA method are simplified in this paper.
However, only the sub-set of bonding HAOs can be obtained by the EMOA
method. Then, additional criteria for construction of nonbonding HAOs (lone
lobes) are to be proposed. It is the second problem on which this paper is
concentrated.

Method

In the presented method, the total binding energy of a molecule, ¢, is written in

the form of a sum of particular binding energies, E{;", over all bonds [23, 25]

1 G N, N, '
£=5 > 2 2 E7"(1=6mn) Otemair.tnid (1)
mn i i

Here, G is the number of atoms and N,, is the number of bonding HAOs on the
individual m-th atom. An a priori stated bonding situation in a molecule can be
fully described by the discrete topological function f(m,i); the values of this
function are equal to the ordering numbers of bonds (Fig. 1). The topological

Fig. 1. Numbering system for definition of the topological function.
O Atoms ; - HAOs; — — — bonds (including lone lobes as nonconnected bonds).
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function is useful for selecting a pair of HAOs y" and y; which “form” a given
u-th bond on the condition f(m, i)=pu=1f(n,i). In eqn (1), according to the
maximum overlap principle, the particular binding energies are directly propor-
tional to the overlap integrals of optimum HAOs

E7"=KT" (¢l | y]) (2)

The weighing parameters K" are regarded as transferable from one molecule to
another and they can be evaluated in a semiempirical way [23, 25]. The hybridiza-
tion coefficients, a7, which transform a basis set of atomic orbitals {1} into a set
of bonding HAOs {y{"} (on each m-th atom) can be arranged into a block-
-diagonal (nonsquare) matrix A defined as

, , X1
wl agr, . 0 0 3
8 ! .l s . X}zl 3
I wN| an,.r, --- 0 0 s ( )
1 P . % ]
: - X1
Wi 0 a:"l| a:‘Rm . ’
\ x’.'z‘,./
or
{v}=A {x} (4)

In order to obtain an equation for the hybridization matrix A, eqn (1) is to be
rewritten in the matrix form as follows
5 =% Tr (E) (5)

where
E=ASA™Q" (6)

In eqn (6), S is the overlap integral matrix of atomic orbitals, and the topological
weighing parameters matrix Q is defined as

Q,.=K7" (1=0mn) Stm.irtniy (7)
for indices
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p=N1+N2+...+N,,|_1+i (8)
q=N|+N2+...+N,|_l+j (9)

As it was proved in paper [23], for optimum HAOs which maximize the molecular
binding energy the following equation holds

A =(QAS'SA™Q") "’ QAS” (10)

It is the basic formula of the EMOA method which can be solved by an iterative
procedure. Eqn (6) slightly differs from the original form [23] in the definition of
the matrix @ but it is more convenient for molecules consisting of & bonds. In order
to calculate the inverse square roots in eqn (10), the diagonalization procedure is
to be used in each iteration. It is, of course, the most time-consuming step of the
EMOA method. This step is tedious especially in the case of a large number of
bonding HAOs in a molecule.

In order to exclude the diagonalization of large-dimensional matrices, eqn (10)
is to be modified. It was pointed out that the matrix A must take a block-diagonal
form. This condition was secured in the original form of the EMOA method by
additional neglecting overlap integrals between formally nonbonded HAOs at each
step of the iterative procedure. However, this condition is equivalent to the other
one, e.g. the matrix QAS” is to be a block-diagonal one ; the form of the matrix
QAS™ must be the same as the form of the matrix A. Owing to the block-diagonal
form of matrices A and QAST, eqn (10) is fully factorized on a set of the following
equations /

A.=(B.B.)'"B, (11)

Here, A, is the matrix of hybridization coefficients, a7 ; it transforms a basis set of
pure atomic orbitals into a set of bonding HAOs on the given m-th atom. In eqn
(11), the matrix B,, is defined as

G N, R,

(B"')"'kr' E 2 Z{ (XT |X7> a;'.l Ktmln (1 - 6m,n) 61(,",5).1(".1) (12)

(R, is the number of AOs on the n-th atom.) Then, the formula for the molecular
binding energy takes the form

e= §j Tr [(B..BT)"] (13)

N —

Eqns (11) and (12) can be solved by the following iterative procedure. Firstly,
an initial approximation of hybridization coefficients is to be chosen. For example,
we can start from canonical (sp, sp°, sp>, etc.) HAOs: they determine the initial
approximation of matrices ’A,, . Then, the first approximation of ’B,, is calcu-
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lated by means of eqn (12), and the matrix product (B,B,) is diagonalized with an
unitary matrix U,

(B.B.)"*=U.D.""U. (14)

Here, in conformity with the postulate of the maximum trace of the matrix E, we
accept the positive sign of the square roots of the reciprocal elements of the
diagonal matrix D,. Finally, the first approximation of the matrix ’A, is
calculated using the equation

(I)Am = ((I)Bm (I)B;)-I/Z “)B,,, (15)

This process is repeatcﬁ up to the self-consistency and its convergence is rapid
(after 4—6 iterations). By the simplified approach proposed here only the number
G of matrices BB, is to be diagonalized; the maximum dimensions of these
matrices are 4 (or less than 4) in the valence s—p basis set and 9 (or less than 9) in
the valence s—p—d basis set.

The calculation off the lone lobe functions (nonbonding HAOs) is the second
problem dealt with in this paper. By the EMOA method only the number N,, of
bonding HAOs has been calculated on each m-th atom. Full basis set of
orthonormal HAOs (that includes both the sub-set of bonding HAOs and the
sub-set of lone lobes) contains R,, functions on the m-th atom. It is important to
point out that, in the general case, an infinite number of different sub-sets of lone
lobes can be constructed for which the orthogonality conditions are well fulfilled,
e.g. the lone lobes are orthogonal with bonding HAOs and also with themselves.
For example, we can apply the Schmidt’s orthogonalization process starting from
the sub-set of bonding HAOs to which the number R,. — N, of linear independent
functions is added. However, the finding of these linear independent functions is
not a trivial problem, in the general case.

In order to obtain the lone lobe functions, the use of the projection operators’
technique is proposed here. The matrix

P,.=A A, (16)

is a projector defined in the sub-space of bonding HAOs as the following equations
are fulfilled

PL=P,, (17)
Tr(P,)=N,, (18)

Then, the complementary projector

L.=I,-P, (19)
(I.. is the unit matrix) is defined in the sub-space of the lone lobes and it holds
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Li=L, (20)
Tr(Ln)=Rm — N, (21)

From the total number R,,, only the number R,. — N,, of rows in the matrix L, is
linearly independent. In practice, we construct a trial square matrix

A
A ;=( '") 22
L (22)
where the nonsquare matrix L., is represented by the selected number R,, — N, of
rows of the square matrix
L.=1.-A-A, (23)
If the trial matrix A, has the nonzero determinant, the Schmidt’s orthogonalization
process can be applied on rows of the matrix A,, and the resulting matrix (after
normalization of rows) is obtained.
We often wish to construct a set of lone lobes which are equivalent in their s, p or

d characters. In the valence s—p basis set the s character, n, , and the p character,
n,, of a lone lobe are defined as

n={[1 —z @] /Ra-n)] (24)
ny= (1 - n?)" (25)

The construction of the equivalent sub-set of lone lobes is usually based on the
geometric ideas [27]. Here, the alternative algebraic way is proposed. The resulting
(equivalent) lone lobe AT'={a’,; a’,; a’,; a;.} is calculated in the form of
a linear combination of two normalized initial lone lobes as

AT=a AT+B A7 (26)

forr,t#ue(N, +1, R, ). From the condition of the given n, or n, character of the
lone lobe AT, the following equations are obtained for the coefficients a and 8

a’s=n,=aa.+f a;. (27)
ot +p=1 (28)
Eqns (27) and (28) have the solutions

a=(naltal, VD)/[(al.) + (al)’] (29)
B=(n.—a al)lay, (30)

if the following conditions are fulfilled
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D =(al.)’+(a)’—ni=0 (31)
—l<a,B<+1 (32)

In the case of the valence s—p—d basis set the process proposed here can be
generalized : in the combination via eqn (26) more initial normalized vectors are to
be considered.

Results and discussion

In order to demonstrate applications of the EMOA method on calculations of
polyatomic molecules, Cu(NH;),(NCX), complexes were chosen (X=0, S). Here,
15 atoms, 47 AOs, and 36 bonding HAOs are to be considered. Calculations in
plane geometries were performed using the Slater [28] basis set of AOs with
exponents for the Cu-AOs according to Gouterman [29]. The bonding situation
with 140 and 4z bonds was considered and the corresponding bonding model is

Fig. 2. Bonding model of the Cu(NH,),(NCX), complexes (X =0, S).

illustrated in Fig. 2. The topological function describing this bonding situation is
given in Table 1. All weighing parameters K{;" were equal to 1.0 in the calcula-
tions, e.g. eqns (1), (5) or (13) correspond to the sum of the overlap integrals of
bonding HAOs over bonds. For the individual iterations, the trace of the matrix E
is listed in Table 2. Starting from the basis set of canonical HAOs the convergence
of the iterative procedure is good for the complex when X =S. Using the calculated
EMOA-HAO:s of the complex for X=S as a starting set in calculations of the
complex for X =0, the convergence of the EMOA method is accelerated (Tab-
le 2). The resulting HAOs in the d’sp® form are listed in Table 3.

In the presented calculations a diagonalization of large-dimensional matrices is
unnecessary; only 15 small matrices are to be diagonalized in each step of the
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Table 1

Topological function f(m, i) describing the bonding situation in Cu(NH,),(NCX), complexes

i-th bonding HAO on the m-th atom

Atom m

1 2 3 4
. Cu 1 6 1 11 15)
N 2 1 4
C 3 2 5 3 4
X 4 5
N 5 7 6 8 9
C 6 10 7 8 9
X 7 10 C tm, )
N 8 1 12 13 14
H 9 12
H 10 13
H 11 14
N 12 15 16 17 18 )
H 13 16
H 14 17
H 15 18

Table 2

Convergence of the EMOA method for Cu(NH,),(NCX), complexes

Trace of the matrix E

Iteration
X=5 X=0"
1 16.646000 19.831090
2 19.447232 19.859515
3 19.642283 19.859547
4 19.661161 19.859547
5 19.662689
6 19.662856
7 19.662879
8 19.662882
9 19.662883

a) Start from canonical HAOs.
b) Start from resulting HAOs of X=S§.
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Table 3

Resulting hybridization in d®sp® on individual atoms of
Cu(NH,),(NCX), complexes

Bond X=0 X=8
A—B No. A(a) B(a) B(B) A(a) B(a) B(B)
N—Cu 11 2.406 2.227 1.227 2.408 2.239 1.239
N—Cu I 0.864 1.896 0.896 0.802 1.886 0.886
N—C 2 1.157 0.821 1.247 1.111
C—X 5 1.218 0.602 0.900 1.192

iterative procedure. There are 7 matrices of the dimension 4 X 4 (1 for Cu, 4 for N,
and 2 for C atoms) and 8 matrices of the dimension 1x1 (6 for H and 2 for
X =0, S atoms). Results obtained by means of eqns (11) and (12) are exactly the
same as those produced by the original form of the EMOA method, but the
computing time is much shorter. It is the principal result of this communication.
The second application presented here concerns the dependence of the PCILO
method on the use of various sets of lone lobes. In the PCILO method, the
second-order ground-state molecular energy can be written in the form

EP=EQ+EQ+ES (33)

where E{ is the zeroth-order ground-state molecular energy (that corresponds to
(¢3)

the single Slater determinant of occupied SLMOs), Eiq is the second-order
delocalization energy, and E%, is the second-order correlation energy. The method
for calculating the individual energy terms (the modified PCILO method) is
described elsewhere [3,4] on the CNDO/2 or INDO levels of Hamiltonian
approximations. In the HF molecule (with the bonding model H—F1) the bonding
HAO on the fluorine atom was maintained in sp®*** as it follows from the EMOA
method. Three different sub-sets of lone lobes were considered : (i) a set with two
pure AOs of the p type; (ii) a set of nonequivalent lone lobes produced by the
Schmidt’s orthogonalization procedure ; and (iii) a set of equivalent lone lobes. The
resulting individual energy terms obtained by the modified PCILO method are
listed in Table 4. As the single Slater determinant is invariant with respect to
unitary transformation applied on the set of occupied spin-orbitals, so the
zeroth-order ground-state energy EY has to be maintained by all sub-sets of lone
lobes. It is well fulfilled in our calculations (Table 4). However, the corrected
second-order ground-state energy depends on the use of lone lobes. As for
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Table 4

Molecular energy terms (eV) of HF molecule in the second order of the perturbation theory obtained by
the modified PCILO method using various basis sets of HAOs

Basis set of HAOs

Hybridization

in sp® form & b &
Bonding HAO i 0.595 0.595 0.595
Lone lobe 2 1.680 7.041 7.041
Lone lobe 35 Pure p, 15.082 7.041
Lone lobe 4: Pure p, 4.361 7.041
A) CNDO/2 Hamiltonian
— EY 770.162 770.162 770.162
— EQ 1.793 2.124 2.157
— E& 0.175 0.175 0.175
== EP 772.131 772.462 772.495
B) INDO Hamiltonian
— EP 734.600 734.600 -734.600
— E@& 1.820 2.142 2.174
= B2 0.273 0.270 0.270
— EP® 736.693 737.013 737.044

a) Nonequivalent lone lobes; two pure AOs (p, and p,).
b) Nonequivalent lone lobes.
¢) Equivalent lone lobes.

calculations it can be concluded that the best molecular energy after perturbative
configuration interaction is produced with the sub-set of equivalent lone lobes. It is
the second principal result of this communication.
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